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Bat ddu

Mot bang bién thién dung chua bdo ddm hinh vé da dung. Néu quén mot diém bi loai, dit sai giao
diém hoic ndi hai nhanh qua tiém can dung, em c6 thé vé mot d6 thi trai véi chinh phép tinh cta
minh. Hoc liéu nay gitip em t6 chiic két quéa khéo sat va dung cac biéu dién dé€ kiém tra 1an nhau.
Hoc xong, em can lam dugc gi?

Sau khi hoc va tu lam, em cn c6 thé:

Muc tiéu Viéc em cdn lam dugc

T6 chiic ban khio sat Lap ban khdo sat c6 du tip xac dinh, dao ham, bién thién, cuc tri, gidi
han va tiém cén khi c6; nhén ra thong tin con thi€u.

Khéo sat ham s6 bac ba V& d6 thi ham s6 bac ba; doc ddu dao ham, cuc tri va hai dau d6 thi; phan
biét c6 cuc tri v6i c6 diém dao ham bing 0 nhung khong c6 cuc tri.

Khdo sat phan thtic bac Gitlf dung hai khodng xac dinh, tim tiém can va huéng cda tiing nhanh.
nhAt trén bic nhat

Khdo sat phan thdc bac Gitl dung khodng xac dinh va hudng nhanh; néi phép chia, tiém can xién
hai trén bac nhat va bién thién.

Nhén biét ddi xting Nhén biét tim d6i xing; v6i hai ho phan thiic dang xét, nhan biét cac truc
déi xting theo hai dudng phan giac ctia cac tiém can.

Kiém céc biéu dién va dién | Kiém sy phu hgp giita cong thiic, bang bién thién va doé thi; gidi thich két

gidi mo6 hinh qua trong diéu kién ctia bién va don vi cia mé hinh.

Ba ho ham cda phan khdo sat day du la

y = ax®+bx* +cx +d, a#0;
ax+b

= T d c#0, ad-—bc#0;
ax?>+bx+c

véi da thic t& khong chia hét cho da thiic miu & ho cudi. Piéu kién cia tiing mau s6 van phai dugdc
xét.

Nguon d6i chi€u: Chuong trinh gido duc phd thong mon Toan, phan 16p 12, trang 106.

Tién quyét

Em can biét tim tap xac dinh, tinh dao ham, xét dau, xac dinh cyc tri tif ddu dao ham, doc gi6i han

va tim tiém cén trong trudng hgp don gidn. Cac kién thitic da hoc trong “Pon diéu va cyc tri”, “Gia tri

16n nhat va gia tri nhé nhat”, “Dudng tiém can” dugc ndi lai 6 day; khong can lam lai toan bo nhiing
hoc liéu &y néu da c6 nén phu hgp.

Khéi dong (md trén trang hoc liéu) gitp tu kiém mot s6 thao téc thiét yéu. Thi€u phan nao thi mé
dung thé On nén (md trén trang hoc lieu), khong coi 1am dung Khéi dong 1a da dat cd hoc liéu.

On thi Todn THPT 2027 zomath.vn 2


https://zomath.vn/content/thpt/on_thi_toan_thpt/hoc_lieu/r1_g04/index.html?r1-view=bai-hoc#khoi-dong
https://zomath.vn/content/thpt/on_thi_toan_thpt/hoc_lieu/r1_g04/index.html?r1-view=on-nen#on-nen
https://zomath.vn

Z0 Math - Khdo sdt su bién thién va vé dé thi ciia ham so L&i gidi va hudng ddn chdm

Cdch hoc va chon nai bt ddu

Chudn bi gidy dé€ luu bai tu 1am, bdng va hinh. Poc Ggi mé rdi thit tr 16i trudc phan gidi thich. Khi
v, ghi dii kién da tinh trudc, sau d6 méi n6i dang diéu dudng cong. Sau méi muc, ty lam nhiém vy
cu6i mdi muc.

« Can hoc hodc nhd lai: mé Bai hoc (md trén trang hoc liéu).

« ba nim phin hoc, mudn ty thuc hién: mé Luyén tip (md trén trang hoc liéu).

« Pa chuin bi ki hodc du tu tin: c6 thé vao thng Kiém tra (md trén trang hoc liéu), ké ca chua
lam nhiing phan truéc.

« Pén ngay hen: mé dung lugt On lai (md trén trang hoc liéu).

Bdn d6 hoc va ho trg
Bai hoc (md trén trang hoc liéu) — Luyén tip (md trén trang hoc liéu) — Ki€m tra (mg trén trang
hoc lieu) — On lai (md trén trang hoc liéu)

bay la tién trinh khuyén nghi va tha tu tra doc, khong phai di€u kién bat budc hoan tit tuin tu.
Phan bd qua khong tu dugc coi 1a da dat.

Khi cén Mé phén ndo? Sau dé lam gi?
Quén cach t6 chtic ban So do6 khéo st (mé trén trang | Tré lai nhiém vu dang lam
khao sat hoc liéu)

Vuéng cach xt 1i mot ho Bac ba (md trén trang hoc liéu), | Stta dung budc con vuéng
ham phan thic bac nhit (md trén

trang hoc liéu), phan thuc bac

hai (md trén trang hoc liéu)

Thiéu thao tic nén On nén (m4 trén trang hoc Ty lam ciu nén phu hop roi tré vé bai
liéu) goc

ba tu 1am va muon déi Loi gidi (trang 4), Stra 16i (m& | Giil két qua goc, xac nhan riéng phan

chiéu trén trang hoc liéu) khi can sau ho trg

Can luu quyét dinh hogc Nhét ki (md trén trang hoc Ghi dit kién da co; khong bit ghi sau

noi tiép tuc liéu) ting ciu

Em c6 thé chia Bai hoc va Luyén tap thanh nhi€u budi. Riéng mot lugt Kiém tra khong chia
thanh nhi€u dgt va phai tu luc hoan toan. Néu cén trg giup, két thuc lugt va giti bai ban dau truédc;
phan lam sau trg giap khong tinh ngugc vao két qua doc lap.

Khi ndo hoan tat lugt chinh?

Dung bang do6i chiéu sau Ki€m tra (mg trén trang hoc liéu) d€ xem titng muc tiéu. Hoan tat lugt
chinh khi c6 bai lam tu luc phut hdp, nhitng 16i thiét yéu da dudc kiém lai va cac gidi han con lai
dudgc ghi rd. Két qué dung ¢ mot muc tiéu khong thay bing chiing ciia muc tiéu con sai.

Sau khi hoan tat, ghi ngay gdc va hen 6n sau khodng 2-3 ngay, 7 ngay, 3-4 tuin. C6 thé hoc ti€p noi
dung @u tién quyét trong khi chd 6n. Néu chua c6 cau phu hgp chua gip trude dé dé xac nhan, ghi
“chua dl bing chting”; khong tu coi bai da doc 16i giai 1a bai mdi.
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e D e

Lai giai
M sau khi da ty lam. M6i 16i gidi co dudng trd vé dung dé€; phan quyét dinh tié€p tuc ndm G Diém
dung tuong ting. Chi mé 16i gidi ctia nhiém vu cin d6i chiéu; gitt lai bai ty 1am d€ nhan ra budc dung
va budc can sia.
Bai hoc
Khéi dong
Nhiém vu 01 — Tap xdac dinh trudc va sau rat gon
Loi giai va tiéu chi d6i chiéu
D = R\ {3}. Trén tap xac dinh &y, r(x) = x + 3. Pi€ém (3;6) khong thudc d6 thi vi cong thtic
ban d4du khong xdc dinh tai 3. Tiéu chi: gitt diéu kién trong ca phép bién d6i va hinh; khong coi
rut gon 12 quyén mé rong tap xac dinh.
Xem dé bai (md trén trang hoc liéu).
Nhiém vu 02 — Dao ham va déu
Loi giai va tiéu chi ddi chiéu

p'(x) = 3x? — 12 = 3(x — 2)(x + 2). D4u lan lugt 1a +, —, + trén (—oo; —2), (—2;2), (2; +c0).
Cuc dai tai x = —2, cuc ti€u tai x = 2. Tru6c két luan, ki€m tra gia tri dang xét c6 thudc tap xac
dinh hay khong va dao ham ddi ddu qua di€m dy. Néu chi tim dugc hai nghiém cia phuong
trinh dao ham bing 0 ma chua xét dau, két ludn chua dua cén cu.

Xem dé bai (md trén trang hoc liéu).

Nhiém vu 03 — Gidi han cé hudng
Loi giai va tiéu chi déi chiéu

Khi x - —2~, miu am va tién t6i 0, nén q(x) » —co. Khi x - —2%, miu duong va tién t6i 0,
nén g(x) - +oo.
lim q(x) =1, lim q(x)=1.
X—>—c0 X—+00
Hai dudng tiém cén 1a x = —2, y = 1. Tiéu chi: @G bon huéng, phan biét phuong trinh dudng
théng v6i gia tri gisi han.

Xem dé bai (md trén trang hoc liéu).
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Nhiém vu 04 — Thuong vé phéan du
Loi giai va tiéu chi ddi chiéu

V6i x # —1,
X2 +2x+5 4
R e
x+1 x+1

Vi (x+1)(x+1) +4 = x? + 2x + 5. Bai lam c4n c6 phan du 4, gitt mau s6 va diéu kién xé4c dinh.
Khi 18y mau nhan véi thudng réi cong phan du, két qua phai dung bing ti s6 ban dau.

Xem dé bai (md trén trang hoc liéu).

Nhiém vu trong Bai hoc

Nhiém vu 05 — Tim mau thudn trudc khi néi nét
Loi giai va tiéu chi d6i chiéu

h(0) = —1, nén do thi di qua (0; —1), khong qua O. Cac két qua vé tap xac dinh, dao ham va
dong bién da dung.
lim h(x) = —oo, lim h(x) = +oo0.
X—>+00

X—>—00
Ham khoéng c6 cuc tri vi dao ham dudng trén R. Tiéu chi: chi stia phan sai, gii phan dung va
néu li do khong cé cuc tri.

Xem dé bai (md trén trang hoc liéu).
Nhiém vu 06 — M6t diém dirng khong déi chiéu
Loi giai va tiéu chi ddi chiéu

Tap xac dinh R; p’(x) = —3(x — 1)2. Pao ham 4m hai phia cta 1, bing 0 tai 1; ham nghich bién
trén R, khong c6 cuc tri.

lim p(x) = +oo, lim p(x) = —co.
X—>—00 X—>+00
b —00 1 + 00
p'(x) -0 -

p(x) +oc0 N\ 2 \, —o©

Bang bién thién
Tam I(1; 2); cac diém ki€m (0; 3), (2;1). Khong c6 tiém can. Hinh tiép tuc di xuéng qua tam,
khong quay dau.
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y
3
1
2
X
hY O 1 (4
Hinh 1

Dung bang va diém chua dd néu hinh lai quay dau tai x = 1; phai kiém cd chiéu dudng cong.

Xem dé bai (md trén trang hoc liéu).

Nhiém vu 07 — Hai nhdnh déng bién
Loi giai va tiéu chi ddi chiéu

2

s > 0. Ham dong bién trén tiing khodng (—oo; —2) va (—2; +0),
X

D=R\{-2} g =
khong cé cuc tri.

lim g(x) = +o0, lim g(x) = —o0,
xX—>=2- X—>—=2%

lim g(x)=1, lim g(x)=1.
X—=>—00 X—+o0

b —00 —2 +00
D4u dao ham + Il +
Bién thién 1 /400 || -0/ 1

Bang bién thién
Tiémcanx = —2,y = 1,tam I(—2; 1). Giao cd hai tryuc tai O. Hai dudng phan gidc y—1 = +(x+2)
1a truc d6i xttng. Khong néi qua —2 vi diém nay khong thudc tap xdc dinh; cic gi6i han con cho
thay hai nhanh di v€ hai phia vé cuc.
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I
|
|
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|
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Hinh 2
Xem dé bai (md trén trang hoc liéu).
Nhiém vu 08 — Kiém lai ddu ctia phan du
Loi giai va tiéu chi ddi chiéu
D=R\{2}
4
h' =14 ———->>0.
(x)=1+ =2y

Ham dong bién trén tiing khodng (—oo; 2), (2; +00); khong c6 cuc tri.

lim h(x) = +oo, lim h(x) = —oo,

X—2- x—2+

lim h(x) = —oo, lim h(x) = +oo0,
X—>—00 X—>+00

lir_n [A(x) - (x—=1)] =0, hrf [A(x)—(x—1)] =0.

Tiémcinx =2,y = x — 1; tam I(2;1); h(0) = 1.

X —00 2 +00
Déiu dao ham + 1 +
Biénthién -0 /40 || - /' +©

Béng bién thién
Nhanh trdi ndm trén dudng xién, nhanh phai nam dudi. Tiéu chi: ddu cong trong dao ham,
dung hudéng 6 diém bi loai va hinh di qua (0; 1).
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Hinh 3

Xem dé bai (md trén trang hoc liéu).
Nhiém vu 09 — Chi phi trén hai tap dang xét
Loi giai va tiéu chi d6i chiéu
B'(x) = —g < 0 trén tap dang xét x > 2. Gi4 tri 16n nhit B(2) = 13, don vi triéu dong mai tan.
lim B(x) = 4, B(x) > 4.

X—>+00

Khong co gia tri nhé nhat trén [2; +00): v6i mbi x, chon khai lugng 16n hon thi B nhé hon. Trén
[2; 6], gia tri nhé nhat 1a B(6) = 7, dat tai 6. Tiéu chi: hai tdp dang xét cho hai két ludn khac
nhau, khong goi 4 1a gia tri nhé nhat.

Xem dé bai (md trén trang hoc liéu).

Luyén tap

Nhiém vu 10 — Khdo sat mét ham bac ba
Loi giai va tiéu chi ddi chiéu
Tap xac dinh 1a R. Ta ¢6 f'(x) = 3x(x — 2). Ham s6 dong bién trén (—oo; 0) va (2; +0), nghich
bién trén (0;2). Ham dat cuc dai tai x = 0, gia tri cuc dai bang 4; dat cuc tiéu tai x = 2, gia tri
cuc tiu bang 0. Cac di€m cuc tri tuong ting cua do thi 1a (0;4) va (2;0).

lim f(x) = —oo, lim f(x) = +o.
X—>—00 X—>+00
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X —0 0 2 +00

Biénthien —-c0o / 4 N\, 0 / +oo
Bang bién thién
D4u dao ham béng 0 tai 0, 2; ddu trén cac khodng 1a ddu da ghi 6 trén. f(x) = (x + 1)(x — 2)?,
nén giao di€m véi truc hoanh tai (—1;0), (2;0); giao diém v6i truc tung tai (0;4). Tam I(1;2);
khong c6 tiém cin. D6 thi di qua truc hoanh tai —1, cham r6i déi chiéu tai 2.

Hinh 4

Tiéu chi: khong nham hai nghiém ctia ham véi hai hoanh d6 cyc tri; hinh phai phu hgp ca
béang va giao diém.

Xem dé bai (md trén trang hoc liéu).

Nhiém vu 11 — Khoéng c6 cuc tri theo hai cach
Loi giai va tiéu chi d6i chiéu
p'(x) = 3(x + 1)?, dudng hai phia —1 va béng 0 tai —1; p dong bién trén R, khong c6 cuc tri.
Tam ctia d6 thi p1a I(—1;—1). ¢'(x) = 3x% + 3 > 0 trén R, nén q ciing déng bi€n, khong c6 cuc
tri nhung khong c6 diém dao ham bing 0. Tiéu chi: néu dugc su khac nhau ctia hai dao ham va

vi sao cd hai déu khong cé cuc tri.

Xem dé bai (md trén trang hoc liéu).
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Nhiém vu 12 — Khdo sat phan thirc véi hai nhanh tdng

Loi giai va tiéu chi d6i chiéu

fG) =3- 2D =R\ {2} f(x) =
(2; +00); khong cuc tri.

— > 0. Bong bién trén tiing khodng (—oo;2) va

lim f(x) =400, lim f(x)=-00, lim f(x)=3, lim f(x)=3.
xX—2- x—>2+ X——00 X—+00

b —00 2 +o00
D4u dao ham + I +
Bién thién 3 /40 || — / 3

Bang bién thién
Tiém can x = 2, y = 3; thm I(2; 3); cac truc d6i xting y — 3 = *(x — 2). D06 thi giao véi truc
hoanh (2; 0), truc tung (0; 4).

|
|
|
[
[
|
|
[
LP
i
[
|
|
[
[
|
;
I S—

AN

o
-
—

Hinh 5

Xem dé bai (md trén trang hoc liéu).
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Nhiém vu 13 — Khdo sat phan thiric c6 tiém cdn xién

Loi giai va tiéu chi d6i chiéu

h(x)=x+2+%,D=[R\{0},

W(x)=1-

4 (x=2)(x+2)
25 2

Pong bién trén (—oo; —2), (2; +00); nghich bién trén (—2;0), (0; 2). Cuc dai tai —2, gia tri —2;

cuc tiéu tai 2, gid tri 6.

lim h(x) = —

x—>0-

lim h(x) = -

X—>—00

lim [h(x) - (x+2)] =

X —o0
D4u dao ham bén
trong +

—o  /

Bién thién

00, lim h(x) = +oo;
x—>0+
0, lim h(x) = +oo;
X—>+00
0, lim [h(x) — (x+2)] = 0.
xX—+00
-2 0 2 +00
- - +
-2 NN—00 || 4o\ 6 / 4o

Bang bién thién
Pao ham bing 0 tai —2, 2. Tiém can x = 0, y = x + 2; tdm I(0;2). T4 (x + 1)> + 3 > 0, nén
khong giao diém véi truc hoanh; khong c6 diém trén truc tung vi 0 bi loai. Hai truc d6i xung la

hai phén gidc cua hai tiém can.

~

~

Hinh 6

Cuc tri 1a so sdnh trong lan cin; hai cuc tri thudc hai nhanh khac nhau. Khong 14y quan hé

gitra hai gia tri &y dé€ bac bo két qua.

Xem dé€ bai (md trén trang hoc liéu).
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Nhiém vu 14 — Ddu trir lam thay d8i hai nhanh

Loi giai va tiéu chi d6i chiéu

v(x)=x—-2-— T D=R\{-1},Lv(x) =1+ > 0. Bong bién trén tiing khodng xac
X

dinh, khong cuc tri.

(x +1)2

lim v(x) = +o0, lim v(x) = —oo;
x—>—1- x—>—1*
lim v(x) = —o0, lim v(x) = +o0;
X—=>—00 X—>+0o0
m [v(x)—(x—2)] =0, lim [v(x)—(x—2)] =
X—>—0co X—+00
X —o0 -1 +0c0
D4u dao ham + I +
Biénthién —-oc0 /40 || -/ 4+

Bang bién thién
Tiém cin x = —1,y = x — 2; tam I(—1; —3). D6 thj giao vdi truc tung (0; —3); giao di€m véi truc

hoanh ( ; ), (H\/_ 0) Hai phan giac ctia tiém cén 1a cac truc d6i xting. Nhanh trai ndm
trén du’c‘ing xién, nhanh phéi nim dudi.

y

| N
j : / X
o

|

I

|
I

k=3

|

I

|

|

|

|

|

|

|

|

|

| ~

Hinh 7

Xem dé bai (md trén trang hoc liéu).
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Nhiém vu 15 — Db thi chi trén khodng sén lugng dugc phép
Loi giai va tiéu chi d6i chiéu

A(x) = —i—‘z‘ < 0trén [2;8]; A(2) = 15, A(8) = 6.
X 2 8

A(x) 15 \, 6
Bang bién thién
Gia tri 16n nhat 15, dat tai 2 tdn; nhé nhat 6, dat tai 8 tAn. Pon vi ctia gia tri 14 triéu dong moi
tan.

15

AN
~

Hinh 8

Dé bai chi xét x € [2;8], nén khong xét x — +oo cho do6 thi nay. Pudng tiém can ngang ctia
ham s6 md rong ngoai doan khong xac dinh gia tri nhd nhit trén [2; 8]. Can so sdnh cac gia tri
trén chinh doan da cho va kiém tra ndi dat dugc.

Xem dé bai (md trén trang hoc liéu).
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Kiém tra
Nhiém vu 16 — Khdo sat ham bdc ba
Loi giai va tiéu chi ddi chiéu

Tap xac dinh R; f’'(x) = —3x(x — 2). Ddu dao ham trén ba khodng chia béi 0, 2 1an lugt 1a —, +,
—; bing 0 tai hai mdc. Ham s6 dat cuc tiéu tai x = 0, gia tri cuc tiéu bing 0; diém cuc ti€u ctia d6
thi 1a (0; 0), ham s6 dat cyc dai tai x = 2, gia tri cuc dai bing 4; di€ém cuc dai ctia do thi 1a (2; 4).

lim f(x) = +o0, lim f(x) = —oo.
X—>—00 X—+00
b9 —00 0 2 +00

Biénthien +c0 N\, 0 / 4 \, -
Bang bién thién
Vi f(x) = x*(3 — x), giao di€ém véi truc hoanh tai (0;0), (3;0); giao di€ém véi truc tung tai (0;0).
Tam I(1; 2); khéng cé tiém can. D6 thi cham truc hoanh tai 0, di qua tai 3.

y
4
I
2
X
A O 1 2 7
Hinh 9

Tiéu chi d6i chiéu: dua dit kién khao sat, dang chiéu & ca ba khodng, dung hai loai cuc trj va
dang su ti€p xuc/giao cit. Hinh khong khép bang thi chua xac nhin ki ning vé.

Xem dé bai (md trén trang hoc liéu).
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Nhiém vu 17 — Khéo sdt phéan thirc béc nhat

Loi giai va tiéu chi d6i chiéu

2
(x+1)2

Taco f(x) =1+ xi+1’ tap xac dinh R\ {—1}va f'(x) = —
khoédng (—o0; —1), (—1; +00), khong c6 cyc tri.

< 0. Ham nghich bién trén tiing

lim f(x) =—o0, lim f(x)=+oo, lim f(x)= lim f(x)=1.
x——1- x——1+ X—>—00 X—>+00

X —0 -1 +00

Biénthiéen 1 N —o0 || 4oo\ 1
Béng bién thién
Tiém cin x = —1, y = 1; tdm I(—1; 1); giao di€m véi cAc truc toa do tai (—3;0) va (0; 3). Nhanh
trai dudi tiém can ngang, nhanh phai trén tiém can ngang.

Hinh 10

Tiéu chi: khong ghép hai khoang thanh mot khodng nghich bién, khong vé néi qua diém bi
loai; giGi han, giao di€ém, tAm va hinh théng nhAt.

Xem dé bai (md trén trang hoc liéu).
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Nhiém vu 18 — Khdo sat phan thirc bac hai
Loi giai va tiéu chi d6i chiéu
Ta co

h(X) =x+4+ %, D =R \ {1}, h’(x) =1- (le)z — (x 'E‘xli();); 3)

Pao ham bing 0 tai —1, 3. Ham s6 dat cuc dai tai x = —1, gia tri cuc dai bing 1; diém cuc dai
cta do6 thila (—1;1); ham s6 dat cuc tiéu tai x = 3, gia tri cuc tiéu bdng 9; diém cuc ti€u cua do
thila (3;9).

lim h(x) = —co, lim h(x) = +o0;
x—1- x—1+
lim h(x) = —oo, lim h(x) = +oo;
X—>—00 X—>+00
lim [h(x) —(x+4)] =0, lim [h(x) —(x+4)] =0.
X——00 X—+00
X —00 -1 1 3 400
Dau dao ham bén
trong + — [ - +
Bién thién —o0o /1 N—© || 4o\ 9 S +o0

Bang bién thién
Tiém cin diing x = 1, tiém cin xién y = x + 4, tdm I(1; 5). Hai truc ddi xiing la hai dudng phin
giac ctia cac goc tao bédi hai tiém can, khong phai chinh cac tiém cin. D6 thi giao v6i truc hoanh
tai (—3;0), (0;0); giao diém véi truc tung tai (0;0). Nhanh trai duéi, nhanh phai trén dudng

Xién.

~

\
et Y — — — — —

Hinh 11

Tiéu chi: phép chia, ddu dao ham, bén khodng, giéi han hai phia, hai tiém can va hinh cung
dung; hiéu tdm va truc déi xting theo hai vai tro khac nhau.
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Xem dé bai (md trén trang hoc liéu).
Nhiém vu 19 — K&t luén trong tép dang xét ctia mé hinh
Loi giai va tiéu chi ddi chiéu

bi€u kién ctia mo hinh [3;9]. Vi B'(x) = —1—2 < 0 trén (3;9), ham gidm trén doan; B(3) = 11,
B(9) = 7. Gia tri 16n nhat 1a 11 triéu dong mgi tdn tai 3 tdn, nhé nhat 1a 7 triéu dong moi tan tai
9 tin.

budng y = 5 gin vdi gidi han khi x — +o0 clia cong thiic md rong, khéng phai gia tri nhé nhét
trén doan da cho. D6 thi bi gidi han § doan khong c6 nhanh tién ra vo cuc. Khong két luin cho
20 tan ti mo hinh chi dugc gia thi€t 4p dung trén [3;9].

Bai lam can dung dang di€u kién v€ sdn lugng, xét hai ddu mut cia doan, ghi don vi cho két
qua va khong ap dung cong thtc cho san lugng nam ngoai diéu kién dé bai.

Xem dé bai (md trén trang hoc liéu).
On lai
Nhiém vu 20 — Nhd lai khdo sat bac ba
Loi giai va tiéu chi ddi chiéu
Tap xac dinh R; f'(x) = 3(x — 1)(x — 3). D4u +, —, + trén ba khoang, bang 0 tai 1, 3. Ham s0

dat cyc dai tai x = 1, gia tri cuc dai bdng 4; diém cuc dai cta do thi 1a (1;4), ham s6 dat cuc ti€éu
tai x = 3, gid tri cuc ti€u bang 0; diém cuc ti€u ctia d6 thi 1a (3;0).

lim f(x) = —oo, lim f(x) = +oo.
X—>—00 X—>+00
X —00 1 3 +o0

Biénthién - / 4 \v 0 / +o

Bang bién thién
f(x) = x(x — 3)?; giao diém vdi truc hoanh tai (0;0), (3;0) va truc tung tai (0;0). Tam I(2;2);
khong tiém can. Do thi di qua truc hoanh tai 0 va cham tai 3.
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y
4
I
2
X
) 0 1 2 3 '
Hinh 12

Tiéu chi: ty khoi phuc quy trinh va hinh dtng; day 12 miu ki€ém bac ba, khong thay kiém hai
ho phan thic.

Xem dé bai (md trén trang hoc liéu).
Nhiém vu 21 — Nhd lai phan thirc va diéu kién ctia mé hinh
Loi giai va tiéu chi d6i chiéu

A 3 . N Y ! — 4
a) Tap xac dinh 1la R \ {—1}. Pao ham f’'(x) = el

khodng (—o0; —1) va (—1; +o0), khong c6 cuc tri.

> 0, nén ham sd dong bién trén ting

lim f(x) = +oo, lim f(x)=—o0, lim f(x)= lim f(x)=2.
x—>—1- x—>—1* X—>—00 X—>+00
b —00 =1l +00
Biénthién 2 /400 || =00/ 2

Bang bién thién
Tiém can x = —1, y = 2; tam I(—1; 2); giao di€m vdi cac truc toa do tai (1;0), (0; —2). Nhanh
trai trén, nhanh phai dudi tiém can ngang.
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Hinh 13

b) A'(x) = —1—2 < 0; ham gidm trén [3; 15]. Gia tri 16n nhit A(3) = 12, nho6 nhit A(15) = 4,
déu tinh bing triéu dong moi tdn. Can 2 clia cong thic md rong khong dugc dat trén
doan; doan két thuc & 15.

Dbai chi€u va ghi két qua tiing y. Lam dudc y a vé khéo sat phan thiic chua cho biét em da tim
dung gia tri 16n nhat, nhé nhat va gitt dung diéu kién cia mo6 hinh  y b.

Xem dé bai (md trén trang hoc liéu).
Nhiém vu 22 — Nhd lai tiém can xién va cuc tri
Loi giai va tiéu chi d6i chiéu

Tap xac dinh R\ {0}; W' (x) =1 — % = u—zi# bao ham bing 0 tai —1, 1; ham s6 dat cuc
dai tai x = —1, gid tri cuc dai bing 0; diém cyc dai ctia d6 thi 1a (—1; 0), ham s6 dat cuc ti€u tai

x = 1, gia tri cuc ti€u bing 4; diém cuc ti€u cta do thi1a (1;4).

lim h(x) = —oo, lim h(x) = +oo;
x—0- x—0+
lim h(x) = —oo, lim h(x) = +oo0;
X—>—00 X—>+0o0
lim [h(x) — (x +2)] =0, lim [h(x) —(x+2)] =0.
X—>—00 X—=>+o0
X —00 -1 0 1 400
Dau dao ham bén
trong + - [ — +
Bién thién —o0o /0 N\N—© || 4o\ 4 S +o0

Bang bién thién
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Tiém can x = 0, y = x + 2; tdm I(0; 2). Truc doi xting 1a hai dudng phan gidc ctia cac gdc tao
22

bdi hai tiém can. Vi h(x) = (e1) , giao diém vdi truc hoanh tai (—1;0), khong giao diém véi

truc tung. Nhanh trai dudi, nhanh phai trén dudng xién.

Hinh 14

Tiéu chi: khong dit gia tri ham tai diém loai, khong goi diém 4y 1a cuc tri; hinh phdi thé hién
dung hai cyc tri va hai nhanh.

Xem dé€ bai (md trén trang hoc liéu).

Stra 16i
Sau Luyén tap
Nhiém vu 23 — Bac ba
Loi giai va tiéu chi d6i chiéu
a) Tap xdc dinh R; p’'(x) = —3(x + 2)?, ddu 4m & ca hai phia ctia —2, bing 0 chi tai mé&c nay.
Ham nghich bién trén R, khong cuc tri.

lim p(x) = +o0, lim p(x) = —o0.
X—=>—0 X—+00

b —0o0 -2 400
Biénthién  +c0 N\, 5 \, —o
Béng bién thién
Tam I(—2; 5); khong tiém can. Do thi giao véi truc hoanh tai (3\/3 -2 0), giao diém véi truc
tung tai (0; —3). Hoanh do giao di€m vdi truc hoanh dugc tim ti phuong trinh p(x) = 0, khong
phdi ti phuong trinh dao ham.
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~
~

-3

Hinh 15

V6i ham so sdnh, q'(x) = 3x2+2 > 0 v6i moi x € R. Ham dong bi€n, khong cuc tri va khong c6
nghiém cda phudng trinh dao ham béng 0; day 1a kha nang khac v6i p’ c6 mot nghiém nhung
khong d6i ddu. Mudn xac nhan dd hai kha ning, phéi gidi thich cd phin so sanh nay.
b) Tap xac dinh R; f'(x) = 3x(x + 2); ddu +, —, + trén ba khodng chia bdi —2, 0. Ham s6
dat cuc dai tai x = —2, gia tri cuc dai bing 0; diém cuc dai ctia d6 thi 1a (—2;0), ham s6
dat cuc tiéu tai x = 0, gia tri cuc ti€u bang —4; di€ém cuc ti€u cua do thi 1a (0; —4).

lim f(x) = —oo, liI_P f(x) = +o0.

X—>—00

X —00 -2 0 +00

Biénthién - / 0 N\ -4 / +

Bang bién thién
f(x) = (x — 1)(x + 2)?; giao diém véi truc hoanh tai (—2;0), (1;0); giao di€m vd6i truc tung
(0; —4). Tam I(—1; —2); khong tiém can.
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A~
~

Hinh 16

Tiéu chi y b: toan bo chudi di kién va hinh théng nhat; 1am dugc y a khong thay duge y b.

Xem dé bai (md trén trang hoc liéu).

Nhiém vu 24 — Phan thic va bai todn thuc té

Loi giai va tiéu chi ddi chiéu

a) Tap xac dinh R \ {-2}; f(x) = 2 — xi+2; f'ix) = (sz)z > 0. Ham dong bién trén tiing
khodng (—o0; —2), (—2; +0), khong cuc tri.
lim f(x) = +oo, lim f(x)=—oo, lim f(x)= lim f(x)=2.
X—>—2= x—>—2% X——00 X—+00
X —0 =2 400
Biénthién 2 /400 || -0/ 2

Bang bién thién
Tiém can x = —2, y = 2; tAm I(—2;2); giao diém v6i truc hoanh tai (0;0), giao diém véi truc
tung tai (0; 0). Hai truc d6i xting 14 y — 2 = +(x + 2). Nhanh trai § trén, nhanh phai ¢ dudi tiém
can ngang.

On thi Todan THPT 2027 zomath.vn 22


https://zomath.vn/content/thpt/on_thi_toan_thpt/hoc_lieu/r1_g04/index.html?r1-view=sua-loi#S01
https://zomath.vn

ZO Math - Khdo sdt sy bién thién va vé dé thi clia ham sé L&i gidi vé& hudng dén cham

y
: A
|
|
|
|
|
|
I
|
I T
_____________________ T_ ________2.____________
|
I
l o x
h) _52 >
I
|
| <
Hinh 17
b) Tap xéc dinh R \ {~1}; h(x) = x +3 + —,
on 1
W) =1-r"7%

DPao ham bing 0 tai —2, 0. Ham s6 dat cuc dai tai x = —2, gia tri cuc dai bdng 0; diém cuc
dai ctia d6 thi 1a (—2;0), ham s8 dat cuc ti€u tai x = 0, gia tri cuc ti€u bing 4; diém cuc
tiéu cta do thi 1a (0;4).

lim h(x) = —oo, lim h(x) = +oo;
x—>—1- x—->—1*
lim h(x) = —co, lim h(x) = +oo;
X—>—00 X—+0o0
lim [h(x) —(x+3)] =0, lim [A(x) —(x+3)] =0.
X——00 X—+00
b9 —00 -2 -1 0 +00
D4au dao ham bén
trong + - [I - +
Bién thién —©o /00 N\N—© || 4o\ 4 / +oo
Béng bién thién
2
Tiém cin x = —1,y = x+ 3; tdm I(—1; 2). D6 thi giao v6i truc hoanh tai (—2;0) vi h(x) = (x+2) ;

x+1
giao di€ém vdi truc tung (0; 4). Nhanh trdi dudi, nhanh phai trén dudng xién. Hai truc déi xing

la hai dudng phan giac ctia cac goc tao bédi hai tiém can.
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Hinh 18

c) VGiv(x)=x+3— x%l tap xac dinh R\ {-1}, v'(x) = 1+ ﬁ > 0: dong bién trén tiing
khodng (—o0; —1), (—1; +o0), khong cyc tri.

lim v(x) = +o0, lim v(x) = —o0;
x—>-1- x—>-—1*

lim v(x) = —oo, lim v(x) = +oo;
X—>—00 X—>+00

xl_i)I}loo[v(x) —(x+3)] =0, [v(x) = (x+3)]=0.

lim

X—>+00
Tiém can x = —1, y = x + 3; tdm I(—1; 2). Nhénh trai trén, nhanh phai dudi dudng xién.

X —00 -1 +00

Biénthién -0 400 || -0,/ 4

Bang bién thién
Do thi giao véi truc hoanh tai (—2 - \/E; 0), (—2 + \/5; O); giao diém vd6i truc tung (0; 2). Cac
truc d6i xing 1a hai dudng phan giac ctia cac géctaobdix = —1vay = x + 3.
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Hinh 19

Y nay xac nhan khao sit trudng hgp khong cuc tri khi cé 1ap luan, bAng va hinh déu dung.

d) A(x) = —% < 0. Trén [2; +00), 16n nhit A(2) = 11; khong c6 gia tri nhd nhit vi ham
tié€p tuc gigm, A(x) > 1valim,_,, A(x) = 1. Trén [2;10], 16n nhit vAn 11, nho6 nhét
A(10) = 3, déu tinh bing triéu d6ng mai tdn. Phdi néu su khac nhau gitta cin khong dat
46 tap dang xét ban dau va gia tri dat tai dau mut & tap dang xét sau.

Tiéu chi: ddnh dau riéng y da tu lam; y a khong xac nhan phan thtic bac hai, y b khong xac
nhan trudng hgp khong cuc tri, y ¢ xac nhan riéng trudng hgp khong cuc tri, y d khong xac
nhan khdo sat phan thuc.

Xem dé bai (md trén trang hoc liéu).
Sau Kiém tra
Nhiém vu 25 — Bac ba

Loi giai va tiéu chi ddi chiéu

a) Tap xac dinh R; p’(x) = —3(x — 2)?, ddu 4m & c4 hai phia caa 2, bing 0 chi tai méc nay.
Ham nghich bién trén R, khong cuc tri.

lim p(x) = +oo, lim p(x) = —oo.
X—=>—00 X—=>+00

X —00 2 400

Biénthién +c0 \, 3 \, —o

Béng bién thién
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Tam I(2; 3); khong tiém cin. P4 thi giao véi truc hoanh tai (2 + i/g; 0), giao di€ém v6i truc tung
tai (0; 11). Hoanh d6 giao diém vdi truc hoanh dugc tim tit phuong trinh p(x) = 0, khong phai
ti phuong trinh dao ham.

y
1)
I
3
X
\ ol 2 \ '
Hinh 20

b) Tap xac dinh R; f'(x) = —3x(x + 2), ddu —, +, — trén ba khodng chia bdi —2, 0; bing 0
tai hai méc. Ham s8 dat cuc ti€u tai x = —2, gid tri cuc tiéu bing 0; diém cuc ti€u cia d6
thi 1a (—2; 0), ham s6 dat cuc dai tai x = 0, gi4 tri cuc dai bdng 4; diém cuc dai ctia do6 thi
1a (0;4).

lim f(x) = +o0, lim f(x) = —oo.
X—>—00 X—+00

X —00 -2 0 +00

Biénthién +c0o \, 0 / 4 \, —oo

Bang bién thién
f(x) = —(x — 1)(x + 2)?; giao diém véi truc hoanh (—2;0), (1;0); giao di€m véi truc tung (0; 4);
tam I(—1; 2); khong tiém can.
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Hinh 21

Tiéu chi: dit kién dting va hinh dung; gitt nguyén két qua bai kiém tra cii, ghi bing ching stia
riéng.

Xem dé bai (m4 trén trang hoc liéu).
Nhiém vu 26 — Phén thic va bai todn thuc té

Loi giai va tiéu chi d6i chiéu

a) Tapxacdinh R\ {1}; f(x) =3 + %; flx)=- (le)z < 0. Ham nghich bién trén tiing
khodng (—o0; 1), (1; +0), khong cuc tri.
lim f(x) = —o0, lim f(x) = +o0, lim f(x)= lim f(x)=3.
x—1- x—1+ X—>—00 X—>+00
X —00 1 +o0
Bién thién @ 3 N =00 || | +oo\ 3

Bang bién thién
Tiém can x = 1, y = 3; tam I(1; 3); giao diém vdi truc hoanh tai (0;0), giao diém véi truc tung
tai (0; 0). Hai truc d6i xtiing 1a y — 3 = £(x — 1). Nhanh trai § dudi, nhanh phai & trén tiém can
ngang.
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Hinh 22

b) Tap xéc dinh R \ {~2}; h(x) = x +2 + —,

4

h.,(X) =1- m

DPao ham bing 0 tai —4, 0. Ham s8 dat cuc dai tai x = —4, gia tri cuc dai bing —4; diém
cuc dai ctia do thi 1a (—4; —4), ham s6 dat cuc tiéu tai x = 0, gia tri cuc tiéu bing 4; di€ém
cuc ti€u cua dé thila (0;4).

lim h(x) = —c0, lim h(x) = +oo;
X—>—2- xX—>—2+
lim h(x) = —oo, lim h(x) = +oo;
X—>—00 X—>+0o0
lim [h(x) —(x+2)] =0, lim [h(x)—(x+2)] =0.
X—>—00 X—+o0
b —00 -4 -2 0 +00
Dau dao ham bén
trong + — [| — +
Bién thién —00 /0 =4 N-—© || 4o\ 4 /| 4

Bang bién thién
Tiém can x = =2,y = x+2; tam I(—2; 0). Khong giao di€ém véi truc hoanh vi ti (x +2)> +4 > 0;
giao di€m vd6i truc tung tai (0;4). Nhanh trai dudi, nhanh phdi trén dudng xién. Hai truc ddi
xung la hai dudng phéan giac cta cac goc tao bdi hai tiém can.
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Hinh 23

c) Viv(x)=x+2— xi“, tap xdc dinh R\ {-2},v'(x) =1+ 2 _so dong bién trén tiing

(x+2)2
khodng (—o0; —2), (—2; +), khong cyc tri.
Jim v(x) =400 m v(x) 00
lim u(x) = —oo, lim u(x) = +oo;
X——00 X—+00

xl_i)IPoo[v(x) —(x+2)]=0, [v(x) = (x+2)]=0.

lim

X—>+00
Tiém can x = =2,y = x + 2; tdm I(—2;0). Nhénh trai trén, nhanh phai dudi dudng xién.

X —0o0 —2 +00

Biénthién -0 400 || -0,/ 4

Bang bién thién
D6 thi giao véi truc hoanh tai (—4; 0), (0; 0); giao diém véi truc tung (0; 0). Cac truc d6i xung la
hai dudng phan gidc ctia cAc géc taobdix = —2vay = x + 2.
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Hinh 24

Y nay xac nhan khao sit trudng hgp khong cuc tri khi cé 1ap luan, bAng va hinh déu dung.

d) A(x) = —2—‘: < 0.Trén [3;+00), 16n nhat A(3) = 12, khong c6 gia tri nhé nhat; A(x) > 4
X
valim,_,, , A(x) = 4. Trén [3;12], 16n nhat 12, nh6 nhat A(12) = 6, don vi triéu dong
modi tdn. Ghi ré ddu mut dat dudc.

Tiéu chi va gidi han tiing y nhu tén ki ndng trong dé; két qua stta dudc ghi riéng, khong thay
bai kiém tra géc.

Xem dé bai (md trén trang hoc liéu).
Sau On lai
Nhiém vu 27 — Bac ba

Loi giai va tiéu chi ddi chiéu

a) Tap xé4c dinh R; p’(x) = 3(x — 1)?, ddu duong & ca hai phia ctia 1, bing 0 chi tai mdc nay.
Ham dong bién trén R, khong cuc tri.

lim p(x) =—oo, lim p(x) = +oo.
X—>—00 X—>+00

b —00 1 +00
Biénthién -0 / -2 /| 4o
Béng bién thién
Tam I(1; —2); khong tiém can. Do thi giao véi truc hoanh tai (1 + VE; 0), giao diém véi truc
tung tai (0; —3). Hoanh do giao diém vdi truc hoanh dugc tim ti phuong trinh p(x) = 0, khong
phdi ti phuong trinh dao ham.
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Hinh 25

b) Tap xac dinh R; f'(x) = 3(x + 3)(x + 1), ddu +, —, + trén ba khoang chia bdi —3, —1;
béng 0 tai hai méc. Ham s6 dat cuc dai tai x = —3, gi4 tri cuc dai bing 0; diém cuc dai
cda d6 thi 1a (—3;0), ham s8 dat cuc tiéu tai x = —1, gia tri cyc ti€u bing —4; diém cuc
tiéu cta do thi 1a (—1; —4).

lim f(x) = —oo, lim f(x) = +4oo0.
X—>—00 X—>4 0

X —00 -3 -1 +o0

Biénthién -0 / 0 N\ —4 / +o
Bang bién thién
f(x) = x(x + 3)?; giao di€m véi truc hoanh (-3;0), (0;0); giao diém v6i truc tung (0;0); tAm
I(—2; —2); khong tiém can.
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Hinh 26
Tiéu chi: tu khoi phuc du quy trinh; ghi khodng tré thuc t€ va phan da phai xem ho trg.

Xem dé bai (md trén trang hoc liéu).

Nhiém vu 28 — Phdn thirc va bai todn thuc té

Loi giai va tiéu chi ddi chiéu

a) Tap xac dinh R \ {-2}; f(x) =1 — %; f'ix) = 7 jz)z > 0. Ham dong bién trén tiing
X X
khodng (—o0; —2), (—2; +0), khong cuc tri.
lim f(x) = +oo, lim f(x)=—o0, lim f(x)= lim f(x)=1.
X—>—2= x—>—2% X—>—00 X—>+00
X —00 -2 400
Biénthién 1 /400 || -0/ 1
Bang bién thién
Tiém cin x = =2, y = 1; tdm I(—2; 1); giao di€m v6i truc hoanh tai (1;0), giao diém vdi truc
tung tai (0; —%) Hai truc d6i xtiing 1a y — 1 = +(x + 2). Nhanh trai § trén, nhanh phai § duéi

tiém can ngang.
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Hinh 27

b) Tap xacdinh R\ {2} h(x) =x -1+ ﬁ

1
(x—2)%

DPao ham bing 0 tai 1, 3. Ham s6 dat cuc dai tai x = 1, gia tri cuc dai bing —1; di€ém cuc

W(x)=1-

dai ctia d6 thi 1a (1; —1), ham s8 dat cuc ti€u tai x = 3, gia tri cuc ti€u bing 3; diém cuc
tiéu ctia do thi 1a (3;3).

lim h(x) = —oo, lim h(x) = +o0;
X—2- xX—2+
lim h(x) = —oo, lim h(x) = +oo;
X—>—00 X—=>+00
lim [h(x)—(x—1)] =0, lim [h(x)—(x—1)] =0.
X—>—00 X—>+00
X —0o0 1 2 3 400
Dau dao ham bén
trong + - I = +
Bién thién —o0o /-1 \\—© || 4o\ 3 /S +o0

Bang bién thién
Tiém can x = 2,y = x — 1; tam I(2;1). Khong giao diém v6i truc hoanh vi x> — 3x + 3 =
2
(x — %) + Z > 0; giao diém vdéi tryc tung (0; —%) Nhénh trdi dudi, nhanh phdi trén dudng
xién. Hai truc doi xting 1a hai dudng phan giac cda cic goc tao bdi hai tiém can.
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Hinh 28

c) Véiv(x) =x—1-— ﬁ tapxdc dinh R \ {2}, v'(x) =1+ ﬁ > 0: dong bién trén tling
khodng (—o0; 2), (2; +0), khong cuc tri.

lim v(x) = +o0, lim v(x) = —oo0;

X—2- xX—2+

lim v(x) = —oo, lim v(x) = +oo;
X—>—00 X—>+00

11131 [v(x)—(x—1)] =0, [v(x)—(x—=1)]=0.

Tiém can x = 2, y = x — 1; tdm I(2; 1). Nhanh trdi trén, nhanh phai du6i dudng xién.

lim
X—>40

X —00 2 +00
Biénthién -0 /400 || —o0 / 4o
Bang bién thién
Do thi giao v6i truc hoanh tai (#, O), <3+T\/§, 0); giao di€ém vdéi truc tung (0; —%) Cac truc

da6i xing 14 hai dudng phan giac ctia cac goctaobdix =2vay = x — 1.
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Hinh 29

Y nay xac nhan khao sit trudng hgp khong cuc tri khi cé 1ap luan, bAng va hinh déu dung.

d) A(x) = —3—3 < 0.Trén [3; +00), 16n nhat A(3) = 14, khong c6 gia tri nhoé nhat; A(x) > 2
X ~
va lim,_, , o A(x) = 2. Trén [3; 9], I6n nhit 14, nhé nhat A(9) = 6, don vi triéu dong moi
tan.

Tiéu chi: tach két qua cac y; bai 1am ngay sau ho trg chua chiing minh nhé 1au. Lén lich xac

nhan ti€p néu con tai 16i; khong 14y trude ciu cta lugt 6n khéc.

Xem dé bai (md trén trang hoc liéu).
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Ngudn

+ B0 Gido duc va Dao tao. Chuong trinh gido duc pho thong mon Todn, ban hanh kém Thong tu
32/2018/TT-BGDDT. Phan I6p 12, trang 106-107.

« Sdch gido khoa Todn 12, tdp mdt, bd K€t ndi tri thiic v6i cudc séng. Bai 4, trang 26-32: so do
khdo sat, ham bac ba, hai ho phan thic va tinh doi xing.
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Chon diéu em
muon hoc tiép.

Em cé thé bdt ddu véi mot ndi dung dang hoc, muén 6n lai
hodc con vudng khi tu gidi bai.

Mé hoc liéu

clakhdéa hoc
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