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Tom tit néi dung

Quy nap théng thudng d6i khi chi thuan 1gi trén mét day trudng hgp thua. Trong phudng
phap dudc goi 1a quy nap ti€n-thodi, chiéu tién tao ra cic mdc ngay cang 16n, con chiéu thoai di
t mot mbc da biét vé cic trudng hgp nho hon; nhg phéi hgp hai chiéu, nhitng khoéng trong gitia
cac moc co thé dugc 1dp. Bai viét dung chung minh bit ding thiic AM-GM ctia Cauchy dé minh
hoa va hinh thuic héa phudng phéap nay.
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Z0 Math Tién thodi nhip nhang

Noi dung
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Dan nhap

Tong cac s6 tu nhién lién tiép 1, 2, ..., n thudng dugc tinh nhanh bdi cong thuc

nn+1)

1424 4+n=
+24 -+ >

Cong thuc ndi tiéng nay cé thé dugc chiing minh bing 14p luan quy nap. Lap luan &y nhu sau. D&
thdy rdng néu n = 1, céng thuc hién nhién dung. Bay gid gid st ring cong thiic ddang v6i mot sd
nguyén duong n. Khi dé,

nn+1)
T+(n+1)

_(n+ 1D +2)

142+--+n+m+1)=

biéu nay noi 1én ring néu cong thic ding véi n thi cling dtng véi n + 1. Nhu vay, cong thic da ding
v6in = 1 nén no6 dung véi n = 2, nd da dung véi n = 2 nén né dung véi n = 3, va c ti€p tuc mai. Vay
ti bay gio ta da co thé dung cong thuic d6 d€ tinh téng clia bao nhiéu s6 ty nhién lién ti€p tuy thich.

Qua phép chiing minh trén, phucong phap quy nap cho phép ta ndi mot s6 hitu han budc suy luan
thanh két luin bao quat vo han trudng hgp. Chinh khd nang di tit httu han dén v6 han &y 1am nén
stic manh dic biét ctia né.

Trung binh s6 hoc cda n s6 thuc khong am x;, x,, ..., X, dugc dinh nghia 1a

X1+XxX+ -+ Xy
n

va trung binh hinh hoc ctia chung la

xl.xz. ces .xn_

Pinh1li1

Trung binh hinh hoc ctia n s6 thuc khong 4m x;, X, ... , X,, khong vugt qua trung binh s6 hoc
ctia chung, nghia la
X1 +XxX+ -+ Xy

xl.xz.....xns . . (1)

BAt dang thiic nay dugc goi 1a bat ddng thic trung binh s6 hoc-trung binh hinh hoc (tiéng Anh:
arithmetic mean-geometric mean inequality, viét tit AM-GM). Phép chiing minh trinh bay duéi day
gén v6i Augustin-Louis Cauchy (Co-si) va c6 thé dugc tim thdy trong Cours d’Analyse de I’Ecole Royale
Polytechnique (trang 457).
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Tén goi quy nap tién-thodi mo ta hai chi€u van dong ctia 1ap luan. Cach quy nap nay ciing gan véi
tén Cauchy vi 6ng da stt dung né trong phép chiing minh bt ding thtic trung binh s6 hoc-trung
binh hinh hoc theo cich riéng cia minh.

Ching minh ctiia Cauchy

Trudc tién, viét lai trung binh hinh hoc duéi dang liiy thira, bt ddng thuc (1) trd thanh

va tuong duong véi

X1+ X+ - +xn)”
n .

()

xl.xz.....xng<

Chting minh ctia Cauchy dugc chia thanh hai phan doan. O phan doan d4u, chiing minh cho cac gia
tri n 12 ltiy thita ctia 2, cu thé 14 2,4, 8,16, 32, v.v. O phan doan cudi, chiing minh cho cac gia tri n con
lai, khong 1a 1ty thita ctia 2. Nhu viy, sau hai phan doan, bit ddng thuic da dugc xdc nhan véi toan b
s6 tu nhién. Luu y, n = 1 1a trudng hgp tAm thudng va néu cac sé hang bing nhau thi c6 ddng thc.

Trudng hgp don gidn nhat ma khéng tam thudng la n = 2, khi do6
X1+ Xy )2

xl-x2§(

N6 dugc rat ra tu

Xy Xy = (x1 -;x2>2 B (xl ;xz)z

2
<(X1+XZ> .
- 2

T mdi trudng hgp da chiing minh, ta suy ra trudng hgp ké tiép, 1an lugt tai cic mécn =4, n =38, ...,
n = 2K, trong d6 k 12 s6 nguyén duong va 16n hon 3. Khi do,

X1X3X3X4 = (X1X5)(X3X4)

<x1 + x2)2 <x3 + x4>2
2 2

<
_<x1+x2 X3+X4>
X1+Xy | Xz+x4\ 2 2
T2, 23T
< 2 2
2

<XI+X2+X3+X4)

b
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X1X3X3X4X5X6X7Xg = (X1X3X3X4)(X5X6X7Xg)
X1+ X5+ X3+ X4\ X5+ X6 + X7 + Xg\*
(armgatny (arnptn)
x1+x2+x3+x4 X5+ Xg + X7 + Xg
( el
X14Xo4+X34+X4 + X5+Xg+X74Xg \ 2 4

4 4
2

IA

IA

<m+@+@+m+%+%+&+%f
2 s eers

k
X1+ X+ - +ka>2

xle"'ka S < 2k

(3)

9 10 11 12 13 14 15 16 17 18 19 20

IIDIDDDIDDDDDDDIDDDD

Hinh 1: O den dai dién cho céc s6 tu nhién da dudc xac nhan t6i thsi diém nay. Viéc ti€p theo 1a tim
cach t6 den cac 6 con lai.

Ta bit dau véi truong hgp gan nhat. VGi ba s6 duong x;, x,, x5, dit

X1+ Xy + X3

A= 3

B6 sung mot s6 hang bdng A d€ c6 bdn sd. Tu P(4),

x1+xZ+X3+A
4

1
(xlex::,A)Z < = A.

Suy ra

X1+ X, +X3)3

X1X2X3 < A3 = < 3

Vay P(4) kéo theo P(3). Cach b6 sung ¢ day khong tuy y: s6 hang méi dugce chon bing chinh trung
binh cta nhiing s6 dang xét, nén trung binh sau khi bé sung van 1a A.

Co ché dy khong budc ta phai thodi tiing bac. Chdng han, tit P(8) c6 thé di thing dén P(5). V6i nim

s0 duong x, X, ... , X5, ddt

X1+X2+"'+x5
5

A=
BG sung ba s6 hang déu bing A dé c6 tdm s6. TU P(8),

X1+ X+ X3+ x4+ x5+ 3A

3 =A.

1
(x1%5X3x4x5A%)3 <

Suy ra
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X1+ X5+ X3+ X4 + X5\°
X1 X5 X3X4Xs §A5=( 1+ X 53 4 5) .
Vay P(8) kéo theo truc ti€p P(5); pha thodi khong cin dién ra tiing don vi.
Hai trudng hgp trén cho thay ciing mot cach lam. Néu da biét P(2K) va muén chting minh P(m) véi
m < 2k ta dat

_x1+x2+---+xm
m

A

va bd sung 2% — m s6 hang déu bing A. Ap dung (3) cho 2* s6 hang 4y, ta dugc

X1+ Xy + - +xm)2k_m

xlxzuouxm< m

2k
x1+x2+...+xm+(2k_m)m

2k

2k

<

(Xl +x2+ +xm>
m

Tu day, suy ra

X1+ X, + - +xm)m

xlxz...xms( -

Piéu nay khing dinh ring bit ddng thiic dtng véi 2 thi cling ding véi tat ca cac gid tri nguyén
duong bé hon. Vi thé, cac méc P(2), P(4), P(8), ... dugc thiét 1ap tif co sé ban dau va pha ti€n déu co
thé 1am cd s cho pha thoai.

Tié€n va thodi trong chiing minh ctia Cauchy

Ki hiéu ménh dé AM-GM vdi n bién 1a P(n). Nhin lai chiing minh ctia Cauchy ¢ Muc, ta c6 thé tach
cdu trac 14p luan thanh ba buéc:

+ C0 sd: chiung minh P(2).
« Buic tién: chiing minh P(2) kéo theo P(2K+1).
« Buéc thodi: chting minh P(2¥) kéo theo P(m), véi moi m < 2.

Budc tién tao ra mot day vo han cdc moc da biét dung,

P(2), P(4), P(8), P(16), ...

con buée thodi dung tirng mdc 1am diém tua d€ 14p cac trudng hgp ndm phia dudi. Bude thoai ctia
Cauchy dic biét manh: tit P(2K) c6 thé suy ra truc ti€p P(m) v6i moi m < 2k, chit khong can thodi
tiung don vi.

TU trudng hdp cu thé nay, ta nhan ra ring cac Ity thiia cta 2 chi 14 mot cach tao ra nhitng méc nhu
thé. G muic téng quat, diéu c6t yéu 1a P dung tai mot tap vo han cac s6 nguyén duong. Budc thoai
cling khong can suy truc ti€p moi trudng hgp nho hon: chi can tir P(n) suy ra P(n — 1) 1a du. Nhiing
nhan xét &y dan dén nguyén li sau.
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Nguyén li quy nap ti€n-thoai

Cho P(n) 1a mot ménh dé xac dinh v6i moi s6 nguyén ducsng n. Gia st:

1. B c Nt 1a mot tap vo han va P(b) dung v6i moi b € B;
2. v6i moi n > 2, néu P(n) dang thi P(n — 1) dung.

Khi d6 P(n) dung v6i moi s6 nguyén ducng n.

That vay, vi B 1a mot tap con vo han ctia N* nén B khong bi chin trén. Ldy m € N* tuy y. Ta c6 thé
chon b € B sao cho b > m; theo gia thiét, P(b) dang. Ap dung b — m 14n budc thoai

P(n)=> P(n—1),

ta di tit P(b) xudng P(m); néu b = m thi khéng can ap dung budc thodi 1an nao. Vi m dugc chon tuy
y, P(n) dung v6i moi n € N*.

Theo cach nhin nay, B 1a mot ho vo han cdc mdc cd sé cho pha thoai: méi b € B 1a mot mdc tai do
P(b) da biét dung va c6 thé 1am cd s6 dé di xudng. Vi B khong bi chin trén, v6i moi m € N* luon ¢
thé chon mot cd sé b > m, réi dung budc thoai dé di tit P(b) dén P(m). C6 thé xem B nhu mot tap cd
sG vO han cuia pha thodi.

Trong chiing minh ctia Cauchy, tdp cac moc la

B =1{2,4,8,16,...}.

T cd sé ban dau P(2), budc tién tao ra mot ho vé han cdc méc co sG cho pha thoai; budc thoai 1ap
nhiing khoéng tréng con lai. Hon nita, budc thoai ctia Cauchy manh hon diéu kién téi thi€u trong
nguyén li: tif P(2¥) 6ng suy ra dudc truc ti€p P(m) véi moi m < 2¥. Chinh sy phéi hgp dy 1am nén
nhip diéu tién-thodi ciia phuong phap.

Bai tap
Bai tap 0.1. Hay bién luan theo quy trinh bén dudi d€ ching minh bat ding thiic AM-GM.

+ Chung minh P(2).
« Chang minh P(n) kéo theo P(2n).
« Chung minh P(n) kéo theo P(n — 1).

Bai tap 0.2. Cho n1a mdt s6 nguyén dudng va x;, x,, ..., X,, 1 cic s6 thudc khodng (0, %) Theo Ky
Fan (Chi Phan),

X1X3 **+ Xp (A —x)A —x) - (L —xp)
e+ + - +x)" T (A=x) + (1 =x) 4+ (1 —x,))"

Hay dung quy nap ti€n-thoai chitng minh bit ding thtic Ky Fan.

Ggi y. Khi n = 2, bat ding thtic suy ra tit diéu hién nhién x; + x, < 1 theo gia thiét. Nhdm dé quy
nap haon, hay dua vé dang tudng duong
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(Bradley va Sandifer 2009)

Bradley, Robert E., va C. Edward Sandifer. 2009. Cauchy’s Cours d'analyse: An Annotated Translation.
Bién tap bdi J. Z. Buchwald. Sources and Studies in The History of Mathematics and Physical
Sciences. Springer. https://doi.org/10.1007/978-1-4419-0549-9.
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